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FOREWOIRD

The series of reports which is entitled "Technical Studies in Cargo
Handling® is primarily a working paper reporting on the progress of research
or the completion of a portion of a larger investigation. This study is being
published in a tentativa form in order tc disseminaic the information as
quickly as possible among the several groups vho are cux_'rently uorl'ci.ng on
related problems. This paper may be expanded, modified, withdrawm, or
published as a report in the series entitled "An Engineering Analysis of

Cargo Handling®” or some other form at a later date.
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INTRODUCTIOR

This is the first of a serles of reports devoted to the study of proceases
which in diff,rent versions have been variocusly called "assembly line®, "queuing,"
"waiting line " "bottlencck,® or “schaduling processes?. These may all be sub=-
sumed under the inclusive study of the flow of men and materials in space and
time,

At ?ho expanse of tho usual artificial discontinuity introduced by classi-
fication, the overall study, of which this peper represents the firat part, mey
be divided into four parts:

1. Formulative
2. Computational
3. Analytic

L. Economic

I'_t'. is clear, to bcgin with, that quantitative studies require quantitative
models, which implies, inexorably, a mathemstical molsl of the physical system
we are analyzing. Of great importance is a systemaiic siudy of the types of
mathematical systems wihich arise from the study of {low procasses. As a start
on this general program, we shall discuss here two specific processes, one
arising in cargo-handling, a "shuttle” process, and the other arising in _
industrial production. Although the prccessss bear soms structural similarity,
the basic connection is by way of similarity of mathematical treatment. In
subsequent reports, we shall extend this treatment to the discussion of other
flow processes.

In the classification of processes, two principel types may be distinquished

immediately, those of deterministie type and those o7 stochastic type. A




process will be called deterministic if the outcome of any particular decision
or action involved in the process is completely determined by ths choice of
the decision or action. If, however, a choice of decision or action determines
a distribution of cutcomes, the process_vill be said to be sbochaetic._ Which
process more adequaiely represents real, §nd vhich is an approximation, is a
matter of individual taste and philosophy, usgany pragmatic,

We st_nll employ a mati! cmatical technique, the method of recurrence
relations, which we shall demonstrate to be egqually useful for the treatment of
both deterministic and stochastic processes. For deterministic processes, the
recurrence reletions permit a simple cpmputation of varlous significant )
quantitles assoclated with the process, such as delay times at various stages,
elther by hand or by machins. OCccasionally they yield explicit_analytic
expressions for these quantities. If the process is stochastic, the recurrence
relations allow us to calculate the distribution of these quantities by various
sampling techniques. The cxplicit relatiqns we obtain enable us to replace
simulation methods by Fonte Carlo methods, thereby increasing the effectivenecss
of computing machines with limited capacities, TFurthermore, the analytic
expressions focus the spotlight of cur attention upon the combinations of
paramntere which are most meaningful.

Finelly we shcould like to point cut that the recurrence technique is )
apprlied in identical fashion to both deterministic and stochastic versions,
in its initisl phase,

In this report we shell confine'ourselves to an application of this )
technique to two mathgmatioal modals, tve "link-nede" model of cargo-handling,
discussed in (1), (2), and ti:2 esserbly line medel aiscussed in (3), (L),

(5), (6). Our object to derive the basic recurrence relations which may be

uged to describe the procose.
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In subsequent reports, wc shall use these relaiions to study the compu?a-
tional and analytic aspects of the precesses. fhgse two parts of the study,
combined wi'th the ccatents of this paper, constituiz the Jdescripitive part of
our program, wherein we are concerned with thie quagtion of detemﬂning the
behavior of a particular system. Once we huve ansuvered this question, to some
degree of satiefactiop, we are then recady to operate on the next level of the
hierarchy of problems, that of devising optimal systicus, or that of improving
exdsting systems.

Using the results obtained from the {“rst three parts of the study, this
problem will be discussed undor the heading "econoriecs" in the concluding
report., )

We would like to thank Y. Fukuda and M. Polleck, associsted with the
Department of Engineering of UCLA, for their carsful reading of this naper,
and for their many helpful corrections and comments.




I. THREE-STAGE SHUTTLE PRCCUSS

1. Formulation

Let us begin with a_degcr?.pt:}on of a three-stage shut'bl_e process. There
are four fixed positions, A, B, C, and D. with individvale X, Y, and Z stationed
at A, B, and C respectively. The function of X is to carry an item from A to
B and deliver 1t to Y there. X canno'_h return 0 A until Y has accepted the item
at B. Upon receiving the item from X, Y conveys 1t “c C where it is delivered
to C. Y cannot return to B vntil Z bhas accepted the item. As soon as Z receives
the item, he conveys it to D, and returns to C iwmediztely.

Given a set of items, S, with assoclated iranspori tines for the various
stages, we wish to determine the time required to convey the items from A to D,
and the teotal delays incurred at B and C.

We shall obtain expressions for these quantitics which can be utilized for
a discussion of both deterministic and stochastic orocesses.

A B c D

i} 1 t
T

|
b

X Y Z

Figure 1.
Dafine the 7follewing auentities describing the sect S:
(1) x = the time required for X to ccnvray the k™ item from A to B
X, = the itime required for X to raturn from B te A after baving

delivered ths i item to Y.
b the time required for Y to convaey the k’t'h item from B to C.

Y *© the time required for 7 to return to B from C after heving
delivered the D item to Z.




g * the time required ior Z to convey tha Lc-‘: item from C %0 D.
z;‘ = the time requi:_red for 2 to raturn to C from D. )

_If the process is deterministic, we assume that ths sequences (xk), (x;),
(yk), (y.':), (2y), (z]") are known. If the process is stochastic, we assume that
these are sequences of random variables with known dictributions, Furthermore,
ve assume that these are independent random variables, which means no "fatigue"”,
or "hereditary effects.”

Let us further define:

the delsy to X incurred waiting for Y at B, when de-

(2) da(x) =
livering the k2 item,
d, (Y) = ths delay to Y incurred walting to receive the )
from X at B, )
AN k(Y) = the delay tc Y incurred waiting for Z at C, when delivering
the KN 1tenm,
Ak(Z) = the delay to Z incurred waiting to receive the k!""b item

from Y at C.
It is clear from the descr:}ption of the process that:
(3) (D) (r) = o,
AN () = o,
since one factor must always be zero.

Cwnsider ths following graphs

1 b
%y { d.‘.(x)lr xy % x5 §d2(X) %x2 xy ol

1 2

4

) €

T

w4+

Figurs 2.
This i1s a pictorial description of the activities of X, giving tne tiwes
required by X for each activity. The integers k = 1,2,3, ..., sigual the times

at which X picks up the @ item at A.




Simdlarly we have the graph:
¥ Malv) . 41 DY) Y:;_ .Yy oy, | ena
! * t f t - -+
0 2 2
Mgure 3. _
This describes the activities of Y. The integers, k =1, 2, ..., aignal the
times at which Y picke up the k2 item at B.
Finally we have the graph: ¢
1 ! .
Zs lr A_l(Z) \ L} . By t&? (Z)% 22 | 2o :AB(Z) { voa
0 1 2 3
Figuras .

where the intogera signal the times at which Z picks up the kj‘b item at C.

Finally, let us n
(L) e "
8y *
tk -

Uy

ow dafina the additional quantities:

the time that X arrives el B carrying the kﬂi 1tem,

the time that Y arrives at B, ready to receive the kP stem,
the tine that Y srrives at C, carrying the k2 item,

the time that Z arrives at C, ready to receive the k! item.

2. Basic Recurrence Relations

Referring to the
ing the arrival times
(?) Ty <

25 1

"
ka1

Let us now sexpres

these times of arrival.

(3) a4.x)
a, (1)

abcve time scales, wa have the following relations connect-
for the (k+1)'—’-t-' 1ten with the arrival timea for the k&b,
MCACIRE L WO
+a (Y) + 3, + W AT,
t *A (1) + 3y + T * (),
- w ﬂ/_\ (Z) LN z;‘. )
s the delays, dL(x) a (13, &, (1), A (7.), in terms of
We have: )
= Max (ak =T, 0),

= Max (ry - &, O0),




A k(Y) = Max (% = tk_’ 0),
FAN p(2) = Max (4 - w, 0O)

3. A Simple Observatiom

A result which greatly simplifies our supsequent resuits 1s'the following;
(1) dk(x) - dk(l’) e Mex (Bk -7, 0) = Max (rk v By, 0)
"8 v Ty .
with the corresponding result for [—\k(Y) »Ak(Z),
(D (1) Op(z) = - 4.

4. Bxplicit Recurrence Relatians

Let us now combine the results of the preceding two sectionz so am to
obtain simple recurrencs ralations cornecting /\ k(‘jf) with Akd(‘.{), and dk(Y)
vith 4, ,(Y).

Combining (2.2) and (2.2), we have:

B W VR T AN ) A
[}
MELTREMES SEE SR SN ¢S
' ¢
- =y 3 vV - Teg) v G (D)
Hence, referring to (2.3), _
n o \
2l Ak«:—:l.(Y) Hax (nk*l Yopr O

- \ . } & N o
mE’k Al T R R dk+1(Y)’-3\'

Similarly,
(3) Spey = Tpay ™ Be= T * 4 (T) = 4 (X) « (7, * y;: - (xl" +x.4))
+ O (7)
alC U NN CRTE SO D IRYANT¢ o
Hence,

(8) dyq(Y) = Max (rpey - Brsgr ©O)

- me [‘AR(Y) = (yk + y}i - x]; - xk+1)’ ﬂ
Combining (2) and (4), we haves )
(5) O () = dax X, - Max (- D)+ gy, ), 0),

b




where we have set for aimplicity of notaticm,
] ¢
6) Ay = + 25y =% =Ny
] ]
P "N * =R "%y
We can simplify (5) slightly, o
() A (D) = Max ( o+ A (X)) =Hax (A (D),= ), 0),
which can also be uritten )
( = - =
(8) &) ) = Hax ( AN (D), =By ol ¢ A (1)) - Max(A (1), B).
Thie-is the fundamental recurrence relation, 2 basis for either a Monte Carlo
treatment, or an analytic discussion.

Referring to (L),
9

(9) dk+1(Y) ~ Max[rm Max (- at z k-1 " yﬂ*l - ,k
°(yk*yk x!'( xk+1)’6]

-ad
(D), 0)

This can be written o
(10) 4 1 (T) = Mex | (2 g = 2 g + Fpg *+ A (T) =3y * X, ¢ 1 _1),0,
Sy 1 * Ty T & (D] .
. o emac [ sy v T 40D, a
or, referring to (6), )
(11) & 7(Y) = hex E'O(k-l * (D) = Py 0 = 0 d“(!z]
- Mix Eo‘/k-l * dk(Y)’E]

(12) d, . (Y) = Max E P k: Ly = dk(Y); E‘ - Max Eo(kol-dk(‘i): ﬂ

This is algo a fundamental recurrence relation,

I0o




1Y THE GENERAL N-STAGE SHUTTLE PROCESS

1. Formulation

Although the sbove roiztion was satisfactory in describing a three-stage

process, if we wish to describe a gensral N-stage process, we must amploy a

better notation. Comsequently, we shall begin all over again, introducing a

nev notation.

a1 P, R Fn
{ 14 ] | } }
t ) R} 1 i 1
o Xy X, x, T

Figure 1.

Aniteumivingfronﬂiapickedup:tPlbyxlwhoconvmittoP2

and walts ontil .',2 picks it up. xl then returns to Pl to awalt the next itom.

'rhoproeo,o is repeated 2ll down the line, until %;vhml& transports the
item to T, the terminal.

Let

(1) x (1) = the time required by X, to convey the s jtem from

Pk to Pk’l after having received it from Xk-l'

4
x-k(i) = the timas required by I, to return to P, from Pkol
after having conveyed the 118 ftem to X, 5
and let us define the delays

(2) 4,(1) = tho dsley cncountered by X, swaiting the 18 Sten

at Pk

/‘;xk(i) = the delay encountered by X, waiting to delivar the s ¥h
item at Py q

for k=1, 2, ..., X

11




Frally, we requirs the times of arrival,

(3) rk(i) e the tims of mrriwol of X, ol D, randy to recelve the
iR 2tem,

sk(i) = the time of arrival of X 2t Pyyq s Teady to dsliver
tte }.I'-?- 3vem.

2, Commection Batween Delay Times and Arrival Tiwmes

We have the following relations connecting the adove quantities

(1) 4(1) = Max (s ,(1) -r (1), 0), k=21, 2, ...
Ak(i) » Nax (rk+1(i) - Bk(i) 5000, g (1) = 0
from these, we conclude that

(2) 4 (1)« A, () =& (1)~ 7 (1)

(
k-1

3. Basic Recurience Relations

Let us now write down the equations e nnecting rk( i+l) and 3k(i+1)
with rk(i), ak(i), and the delays.

We have

-

(1) m(391) = 7 (3) + & (1) + x (1) + 1 (32) + L, (1),
ak(i+1) = Bk(i) S VAN k(i) + x;:(i) + dk(:’.-s-l) + :n:k(nlutl)u

Thus
(2) 1 (141) = 8, ;(1+41) = A k(i) - 8y 4 (1+1)
() + (L) © 3 5 (8) - 3 (141),
Hence ~ .
(B)A k91(1+1) = Masc [‘Ak(i) b %'ﬁl(i*‘l) + dk(i)rﬂ ?
¥here T

(WK () = x (@) » 1 (1) = x H(2) - x ,(3s1).




Similarly, since

(5) sy (1) - r(d) = 6 (1) ~ON | (11

* g (-1) ¢ 3 (1)« x (3-1) = x(1-1),
w8 have

(6) dk(i) = Max [@ k(i) + dk__ll'i\ - k(i"“’ 0] .
wvhere

(M) £oll) = 5y (1-1) » x5 (5) - x (4-1) - x (1),

ke
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IYI. GENERAL GHUTTLE PRCOESS

1. Storage

Let us now mention in passing a number cf modifications of the above process
which it may be desirable to introduce.

The first of these involves storage. Instead of assuming that Xi is roqu}red
to hand each item over to X, ., at P; , before returning to his positiom at P, ,
let us assume that there are storage facilitles at Pi+1 allowing & number of items
up to ki*l to be stored there until x1+1 can transport them. This is a very im-
portant modification since much of the delay can be svoided with suitable storage

capacity.

2. Multiple Shuttles

The process treated in the preceding saction considered only one conveyor

going back and forth between each position. A wore general situation involves

ny shmttles traversing the distance betvepn Pi and P »1 " Schematically
13
o — N
5 S S |
g o

ok
\A@_

3. Multi - Ston Shuttles iE

In sowme situations, the same a}nttle myst make & number of stops before

returning to its original position. Schematicrlly

_ 1+]_ ;2 ———
P e

%*: z
—> 0y S_. . : >
- 1 ._’
The shuttle, xi , stops at P, a,1 and Pi¢1 2 » 1n this ordsr, before returning
w Pi »
U




IV TWO - STAGE ASSEVELY Li4E

LR Hogmitatlon:

Lot au nov turn o the consderation of & flow procens of a different typs.
We shall dizcuss a simple maithematical model of a wro - 3tage agsembly line. As
#3111 be ween from the description, the wedel is equally vseful in the considera=
taon of & nusver of othay waliling-line process .

Let us supoosy that wo have two machines, H, and Hy o, perforning different
functions, and a mumber of rtems, N, which require rmcassing on theae machines.
Let

(1) =, = +*he time vequired by the i&h “tem an the first machine,

vy *he «° 18 reqnirud by the .j‘“_'\;lg iiem cn ‘the second machine,

end pssnme thai esch item mwust pass Lihrw the firsy macthine before going thrm
the second macthine

The process 13 carried through in the following way. The first itew is
fed into My, requizring & time x , suvd thep sent to M, | requiring a time Y,
on this machine. As 39on ar the first i1iom has been uracessed by M1 , the
socond item 13 fed in. Az scon as the sscond jtem has passed thyu this fiest

stage, it is sent to Here thare may or may nct be a delay, depending upc+

X

whether M? has completed the precessing of the first item or not.  The process

coentinuas in thia way.

Schematically
M‘
‘]_l_-]_l I N N R‘x \; & =
;l, 2 P :}B . \\}

e problen s Lo dsosvsine the total delay incurred in the processing of
the N dtems, in the deterministic case, and the distribution of the dealay timews

+f the process is stochagtic .




2. Resurrence Reiations

Define the following gquantities
(1) dk =  the deiey lacarred by the kﬁﬂ Jtom waiting upon the second
machine

. k7
=« the time of arrivai of the k"b 1team at the waiting line for

e 1

the zsecond macirine.

The bazsic recurrence relations are
{2} 4 . Max | A ¢ - X o |
L3 m41 ]_ J“ yﬁ ~5‘."‘}. 9 lﬁ,

P+ -
Trel = Tp*Ey.a

-

Using (2), mn interesting explicit formula for dH can be dasrived We have

(2) a8, =~ 0O,

d. = Max E Max(yi s, 0) ~ vy, - L ol
= Max [&; " Ty v Xy - Ry, ¥, 0 4, , al

whance it follouws inductively that

o TRel N R
(il 3 d"i = Max Max roNT = S 2 G
A [ S0 | -, -~ Sy
WEwtn] e T2 faca * 0]

The result ie dus to S. Jomson, (4)

3 Cptimal Arrengsment

in the Jdeterministic case, an interesting problom is that of determining
ths order in which the itemy should be fad inic the machines wo as to minimize
the total iime required by the process. This problem was resolved by §. Jolmson,
(L), using the explicit expressionm given in (2.4 ) and hy the author, (3), usiny
the functional equetion techuique of dynamic programming. In thils latier paper,
continuous versions of the process ara also discuaged

Althourh the two-stage procsss can be trested in & number of wsys, tha three
stage process, and pgeneral H stags process, 3¢ {8r have resolutely dafied sither

an analytic or vomputational uapproach

]
.




9 TIREE

STAGE PROCRIS

i. Tormulwtion
Let us now considsr a corresponding three . gtage process
Let
(1) x, - the time required by the 1 tiom on M,
' . : tid
¥y= the time recaired Ly the 1~ 1tem om H2 5
th |
£y 0" the time reruired Ly the I+ item on ¥y,
Schematically I
Lio ¥ H'vi M, .
— = = - = TR
(Lo 5. 00 e NN IO -
Trems 2% N NS

Further  lsb

di «  the delsy incurred by
/\i‘ = the delsy incarred by
vy o the time of arrival
secona machine
g ™ the time of srrival

third machine

These last two times are timsa of arrival.

of

o e
the 177 item weiting

are processed are the arrival times plusa the Jdelay times.

2. 3@curr¢nce Nelations

The basic recurrence relations ara

(1)

.

-

¢
ﬁ:;v'\_ R
b d +» 1§ -
K - yk s
ax | - v {r
M 13 ‘i

> d . o+ ¥ ). (2
| S S K X |
, : -
- L k1’
3

The times &b winleh

o this second machine,
on the third machine.

waiting line for the

» weiting iine for the

the jitems

-,




Thess mry De

(2) 4
Le) K

FAN X

Furthermore, an explicit expression corrssponding to (2 L) can be obtained,

see Johuson, (k)

i8
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Vi. N - STAGE PuOCESS

Fornula tion

e ———

As befure, we must introduce & naw notation to treat the W - stage procesa.

We suppose that there are N uwachines, M, , M? LA MR m
‘ M
My My '2
il 0 B O e SR <> W @ AR N
Ttems =& ' R
Let

(1) :i‘,i(k) ~ the time required by the r&b' item on Mk = 1,2,..-. N

3 2

£ ~1,2, . . w
. R th
d;(k) = the delay incurred by ‘ha 1~ item waiting on the k
machine
v, (k) = the time of arrival of the 10 item st the waiting 1line

for the k™! machine.

Recurrence Relatione

The basic recurrence relstions are
5 % N 3, - o A~ ¥ r“\ ',.h“"
(1) (a) ?fi(kj ri(k 1) « d:i.(‘{ i+ £, (¥ i)

19




YIT. ASSEWHLY LINE AND SRUTTLE FRCCRSS

1. Discussion

T A s st > >

A number of ticw processssg combine features of boih the assembly line model
and the shuttle mudel. Consider ¢ situatiion where theve are s number of “machinms™,
M1 . Mg 3 W MN , Placed in this order, and a number of items which must pass

thru these mechines ov stages. Sch nmticﬁlly,
P My

M K
1 AN S
-4 Sy + t E:} } — &l\\‘ S .
kY N i N i 3 i e
Ps‘ & P B Bp P! t§§ P
i 1 2 2 3 2

Tha {tem is veceived at P; and placed on the weit ng line for the machine Mkr
fter having gone thru the machine, it is placed co & walting line for conveyance
rom Pk o Pkwl The process continuas in this way.

We shall postpone any presice formulatiou of more genaral processes of this

type untlil a later time, since cuy numericsl and analyiic pirlot gtudies will

senter aboutl the simpler models discussed in the foregoing prpes

A
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